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The main tools to probe the structure of the hadron in terms of quarks and gluons are the electron elastic
and inelastic scattering experiments. In the elastic case, the charge and current distributions of the on-mass-
shell target hadron are encoded in the electromagnetic form factors which depend on the virtual photon four-
momentum square q2 = −Q2. For the on-mass-shell spin-zero charged pion, only one real form factor exists
in the spacelike region Q2 > 0 due do the time reversal invariance. Due to the short lifetime of the pion,
however, the on-mass-shell elastic electron-pion scattering is not yet feasible and thus one may resort to the
pion electroproduction process to estimate the on-mass-shell pion form factor extrapolating the data with one
leg off-mass-shell, t 6=m2pi , in the limit t→m2pi . On the other hand, the kinematic region of the electroproduction
process is intrinsically limited to t < 0 and the extrapolation to t→m2pi involves the disallowed kinematic region
of t > 0. In this work, we analyze the two off-shell pion form factors appearing in the matrix element of the pion
electromagnetic current with one leg off-mass-shell using an exactly solvable manifestly covariant model of a
(3+ 1) dimensional fermion field theory and provide the 3D image of the two off-shell pion form factors as a
function of (Q2, t). The two off-shell pion form factors are related to each other satisfying the Ward-Takahashi
identity (WTI) as they should be. Extracting the two off-shell pion form factors from the existing experimental
electroproduction cross section data, we discuss their off-shell behaviors in conjunction with the results obtained
by the model. We also show the results for the time-like region Q2 < 0 in the model calculation.
I. INTRODUCTION
Electromagnetic (EM) form factors of hadrons are the im-
portant physical observables providing the EM information on
the bound-state properties of hadrons and their internal struc-
tures of quarks and gluons. The pion is the simplest hadronic
system, whose valence structure is a bound state of a quark
and an antiquark, and is known to be parameterized by a single
on-mass-shell (or simply on-shell) EM form factor, Fpi(Q2),
which depends on the four-momentum squared q2(=−Q2) of
the virtual photon.
The form factor Fpi(Q2) of the on-shell pion for the low
spacelike momentum transfers (Q2 < 0.3 GeV2) has been
measured directly by elastic scattering of high energy mesons
off atomic electrons [1–4]. However, the extraction of Fpi(Q2)
to higher Q2 regions through elastic scattering is very difficult
experimentally mainly due to the limitation of the availabil-
ity of accelerators to produce high-energy and high-current
beams of unstable particles and detectors for identifying and
measuring the scattered particles at very forward angles [5].
Thus, the on-shell pion EM form factor for the higher Q2 val-
ues has been extracted from the pion electroproduction reac-
tion by exploiting the nucleon’s pion cloud as a target, which
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FIG. 1: ep→ e′pi+n scattering.
may be regarded as the exclusive version of the Sullivan pro-
cess [6]. That is, Fpi(Q2) has been extracted from the mea-
surements of the cross sections for the reaction 1H(e,e′pi+)n
(see Fig. 1) up to values of Q2 = 3.91 GeV2 [7–11]. The lon-
gitudinal part of the cross section from pion electroproduc-
tion encodes the meson exchange process, in which the vir-
tual photon couples to a virtual pion inside the nucleon. This
process is expected to dominate at small values of the four-
momentum transfer t(< 0), allowing for the determination of
the pion form factor.
However, the main problem in using the electroproduc-
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2tion process as a tool for accessing a “pion target” is that
the pions in a nucleon’s cloud are not real (on-shell) but
virtual (off-shell) particles. Accordingly, one cannot access
the form factor at the exact pion pole in the actual experi-
ment as the extrapolation to t → m2pi involves the disallowed
kinematic region of the electroproduction (t < 0). This may
raise some questions about the validity of the extrapolation
from the off-shell results to the on-shell limit. Furthermore,
the EM structure of the off-shell hadron is more compli-
cated than the on-shell hadron and involves more form fac-
tors [12–18, 21, 22]. For instance, the off-shell EM structure
of the pseudoscalar meson [12, 13] requires two form fac-
tors [23, 24], which are related by the Ward-Takahashi iden-
tity(WTI) [19, 20]. The off-shell electromagnetic form fac-
tors for the boson bound-state have been calculated in [25] us-
ing the light-front (LF) field theory and the nonvanishing zero
modes were found to be crucial to preserve the WTI. While
there have been some theoretical studies on the off-shell pion
EM form factors using the chiral perturbation theory [12],
Nambu-Jona-Lasinio model [13], and the continuum methods
for the strong-interaction bound-state problem [14, 15], a fur-
ther systematic study on the off-shell form factors of the pion
is still required.
In this work, we explore the electromagnetic off-shell ef-
fects for the pion using an exactly solvable manifestly covari-
ant model of (3+ 1) dimensional fermion field theory and
compare the off-shell form factors with the data extracted
from the pion electroproduction reaction [7, 8]. The aim of
this paper is to provide at least a clear example of demonstra-
tion discussing the validity of the extrapolation of the off-shell
results (t 6=m2pi ) to the on-shell limit (t =m2pi ) for the pion. We
exhibit the off-shell form factors not only for the spacelike
region (Q2 > 0) but also for the timelike region (Q2 < 0) pro-
viding the 3D imaging of the off-shell form factors in terms
of (Q2, t) values.
We organize this work as follows. In Sec. II, we review the
formulation of the off-shell pion EM form factors satisfying
the WTI, where two form factors are necessary to define the
off-shell matrix elements of the pion EM current. In addition,
we provide a sum rule, coined here as the master equation,
which we obtain from the WTI that the form factors must obey
regardless whether they are on-shell or off-shell. This master
equation is of importance as it allows to relate the two form
factors although one of these form factors cannot be directly
measured in the electroproduction process due to the transver-
sality of the electron current. Effectively, the master equation
allows to extract both off-shell form factors simultaneously
while the electroproduction process is blind to one of them.
Interestingly, neither of the two form factors vanish even in
the on-mass-shell limit. In Sec. III, we present the analytic co-
variant model calculation of the pion half-off-shell form fac-
tors confirming that the model satisfies the master equation
as well as the WTI. We then obtain the numerical results of
the half off-shell form factors for the discussion of extract-
ing the off-shell form factors from the electroproduction data
in Sec. IV. After setting up our framework to obtain the off-
shell pion form factors, we present our numerical results for
the half-off-shell pion form factors from the electroproduc-
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FIG. 2: Electromagnetic charged pion scattering with the form fac-
tors depicted by the black blob.
tion data together with a theoretical input. The comparison of
the extracted form factors from data and the results from the
model is also presented in this section. Summary of the main
results follows in Sec. V.
II. OFF-SHELL PION ELECTROMAGNETIC FORM
FACTORS
Using the invariance of the strong interaction under charge
conjugation, one finds that the electromagnetic form factors
of antiparticles are just the negative of those of the parti-
cles. Therefore, the pi0 and η do not have any electromag-
netic form factors even for the off-mass-shell case. However,
the charged pions allow the electromagnetic form factors de-
picted in Fig. 2. The most general parametrization of the ver-
tex function Γµ for the off-shell electromagnetic form factors
of the charged pion is given in terms of the initial and final
four-momenta, pµ and p′µ as follows [12]:
Γµ(p, p′) = (p′+ p)µ G1(q2, p2, p′2)+qµ G2(q2, p2, p′2) ,
(1)
where q = p′− p is the four momentum transfer of the virtual
photon at the vertex. This off-shell vertex satisfies the follow-
ing WTI [12]
qµΓµ(p, p′) = ∆−1(p′)−∆−1(p), (2)
where
∆(p) =
1
p2−m2pi −Π(p2)+ ıε
, (3)
is the full renormalized propagator [12] and the renormalized
pion self-energy Π(p2) is constrained by the on-mass-shell
condition Π(m2pi) = 0.
From the WTI given by Eq. (2), we get the following con-
straint on the off-shell form factors G1 and G2:
(p′2− p2)G1(q2, p2, p′2)+q2G2(q2, p2, p′2)
= ∆−1(p′)−∆−1(p). (4)
In particular, for the case of real photons (i.e. q2 = 0) and for
the half-off-shell form factor, namely, the final state being on-
mass shell p′2 = m2pi with ∆−1(p′) = 0, one finds from Eq. (4)
3that
∆−1(p) = (p2−m2pi)G1(0, p2,m2pi)
= (p2−m2pi)G1(0,m2pi , p2). (5)
Thus, the form factor normalization G1(0,m2pi ,m
2
pi) = 1, which
can be interpreted as the charge of the pion, is attained
in the on-shell limit (p2 = m2pi ) of the initial state since
limp2→m2pi [(p
2 − m2pi)∆(p)]−1 = 1. However, the extension
to G1(0,m2pi , p
2) = 1 for the half-off-shell case (p2 6= m2pi )
is in general not possible due to the nonvanishing Π(p2)
term. It is also interesting to note that G1(q2, p2, p′2) =
G1(q2, p′2, p2) and G2(q2, p2, p′2) =−G2(q2, p′2, p2), respec-
tively, from Eq. (4) and the time-reversal invariance of the
strong interaction.
From Eq. (4), the off-shell form factor G1(q2, p2, p′2) in the
real photon limit (q2 = 0) is given by
G1(0, p2, p′2) =
∆−1(p′)−∆−1(p)
p′2− p2 . (6)
Substituting Eq. (6) back into Eq. (4), one obtains
G2(q2, p2, p′2) =
(p′2− p2)[G1(0, p2, p′2)−G1(q2, p2, p′2)]
q2
.
(7)
In the case of the pion initial state being off-mass shell but
the final state being on-mass shell, i.e. p2 = t and p′2 = m2pi ,
Eq. (7) becomes [12]
F2(Q2, t) =
t−m2pi
Q2
[
F1(0, t)−F1(Q2, t)
]
, (8)
where Fi(Q2, t) ≡ Gi(q2, t,m2pi)(i = 1,2) and Q2 = −q2. We
note that F2(Q2, t) = 0 if both initial- and final-pions are on-
mass shell (i.e. p2 = p′2 = m2pi ), which is consistent with
the antisymmetric property of G2, i.e. G2(Q2, p2, p′2) =
−G2(Q2, p′2, p2). The normalization of F1 is fixed by re-
quiring F1(Q2 = 0, t = m2pi) = 1 as we discussed earlier.
The renormalized pion self-energy Π(t) is also related to
the off-shell pion form factor F1(Q2 = 0, t) as Π(t) = (t −
m2pi) [1−F1(0, t)], assuring the on-mass-shell condition Π(t =
m2pi) = 0 mentioned earlier. We have checked the chiral per-
turbation theory up to one loop [12] and confirmed that the
off-shell pion form factors obtained in Ref. [12] satisfy the
general formula given by Eq. (8), as it should be.
From Eqs. (1) and (8), the half on-shell (p′2 = m2pi ) and half
off-shell (p2 = t < 0) pion-photon vertex can be effectively
given by:
Γµ = (p′+ p)µ F1(Q2, t)+qµ
(t−m2pi)
Q2
[F1(0, t)−F1(Q2, t)].
(9)
In the elastic electron scattering, the contraction of the sec-
ond term in Eq.(9) with the electron current vanishes due to
the current conservation. It suggests that F2(Q2, t) given by
Eq.(8) cannot be directly measured in the electroproduction
process due to the transversality of the electron current. We
note however that the ratio of F2(Q2, t) to t −m2pi is nonzero
in the limit of t→m2pi although F2(Q2, t) itself goes to zero as
t→m2pi . To exhibit this more clearly, let’s define the new form
factor
g(Q2, t)≡ F2(Q
2, t)
t−m2pi
. (10)
Then, the off-shell form factor sum rule given by Eq. (8) can
be rewritten as
F1(Q2, t)−F1(0, t)+Q2g(Q2, t) = 0 . (11)
Taking the derivative of Eq. (11) with respect to Q2, one finds
the following evolution equation:
∂
∂Q2
F1(Q2, t) + g(Q2, t)+Q2
∂g(Q2, t)
∂Q2
= 0 . (12)
We should note that g(Q2 = 0, t = m2pi) is associated with the
charge radius of the pion elastic form factor. In other words,
since
g(Q2 = 0,m2pi) =−
∂
∂Q2
F1(Q2 = 0,m2pi) =
1
6
〈r2pi〉 (13)
in the on-mass shell limit t = m2pi and at Q
2 = 0, we get the
following on-mass shell solution for g(Q2, t)
g(Q2,m2pi) =
1
6
〈r2pi〉 + α Q2+ · · · , (14)
where α is determined by expanding ∂∂Q2 F1(Q
2, t) and
∂
∂Q2 g(Q
2, t) in Q2 around Q2 = 0. Effectively, the master
equation given by Eq.(11) allows to extract both off-shell
form factors simultaneously while the electroproduction pro-
cess looks blind to one of them. Interestingly, neither of the
two form factors F1(Q2, t) and g(Q2, t), vanish even in the on-
mass-shell limit t = m2pi .
Furthermore, we can continue elaborating the master equa-
tion given by Eq. (11), taking the derivative in t:
∂
∂ t
F1(Q2, t) − ∂F1(0, t)∂ t +Q
2 ∂g(Q2, t)
∂ t
= 0 , (15)
and the master equation given by Eq. (12), taking the deriva-
tive in t:
∂ 2
∂ t∂Q2
F1(Q2, t) +
∂g(Q2, t)
∂ t
+Q2
∂ 2g(Q2, t)
∂ t∂Q2
= 0 . (16)
The form factor g(Q2,m2pi) is the new observable in the
on-mass shell limit besides the usual charge form factor
F1(Q2,m2pi) and should be measurable in the experiment of
pion electroproduction. In the next section, we shall explic-
itly show all those properties of the off-shell pion form factors
using the exactly solvable manifestly covariant model.
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FIG. 3: Feynman triangle diagram for the pion off-shell form factors.
III. MANIFESTLY COVARIANT MODEL CALCULATION
A. Model description: Theory
The vertex function for the initial off-shell (p2 = t) and final
on-shell (p′2 = m2pi ) qq¯ bound state pion coupled to the virtual
photon with the four momentum q in the fermion field theory
can be calculated using the tree-level diagram (see Fig. 3) as
follows:
Γµ = iNcg2
∫ d4k
(2pi)4
Sµ
NkNk+qNp−k
, (17)
where Nc is the number of colors and g, modulo the charge
factor eq, is the normalization constant, which can be fixed by
requiring the charge form factor to be unity at zero momentum
transfer. The denominators Nk = k2−m2q + iε , Nk+q = (k+
q)2−m2q + iε , and Np−k = (p− k)2−m2q + iε come from the
intermediate quark and antiquark propagators of mass mq =
mq¯, respectively.
The trace term Sµ in Eq. (17) is obtained as
Sµ = Tr[γ5(6k+ 6q+mq)γµ(6k+mq)γ5(6k− 6 p+mq)]
= −4{kµ [k2−2k · p−q · p−m2q]+ pµ(k2+ k ·q−m2q)
+qµ(k2− k · p−m2q)}. (18)
Using the following Feynman parametrization for the three
propagators
1
N1N2N3
=
∫ 1
0
dx
∫ x
0
dy
2!
[N1+ x(N2−N1)+ y(N3−N2)]3 ,
(19)
we obtain
1
NkNk+qNp−k
=
∫ 1
0
dx
∫ x
0
dy
2!
[(k+E)2−C]3 , (20)
where E = (x− y)q− yp, C = (x− y)(x− y− 1)q2 − y(1−
y)t−2y(x− y)q · p+m2q, and q · p = (m2pi +Q2− t)/2.
After combining Eqs. (17), (18), and (20) and shifting the
four momentum variable of integration as k′ = k+E, we ob-
tain the trace term as follows
Sµ =−4(Cµ1 k′2+Cµ2 ), (21)
where
Cµ1 =
1
2
[(1+3y)pµ +(2+3y−3x)qµ ],
Cµ2 = p
µ [(1+ y)(E2−m2q)−E ·q+2yE ·q− yq · p]
+ qµ [(1− x+ y)(E2−m2q)+(1−2x+2y)E · p
+ (x− y)q · p]. (22)
We then use the Wick rotation of Eq. (17) in d-dimension to
regularize the integral, since otherwise one encounters miss-
ing the logarithmic divergent terms in Eq. (17). For d = 4−2ε
and n = 3 as in our case, we obtain the two essential integrals∫ ddkE
(2pi)d
1
(k2E +C)n
=
1
(4pi)2
1
2C
, (23)
∫ ddkE
(2pi)d
k2E
(k2E +C)n
=
1
(4pi)2
[
1
ε
− γ− 1
2
−LogC
]
, (24)
where
Γ(ε) =
1
ε
− γ+ 1
12
(6γ2+pi2)ε+O(ε2) (25)
and γ ' 0.577 is the Euler-Mascheroni constant. Following
this procedure and removing the divergent term 1/ε by hand,
we obtain the two form factors F1(Q2, t) and F2(Q2, t) from
the definition of Γµ = (p′+ p)µF1(Q2, t)+qµF2(Q2, t) as fol-
lows:
F1(Q2, t) = Nc
g2
8pi2
∫ 1
0
dx
∫ x
0
dy
[
(1+3y)
(
γ+
1
2
+LogC
)
+
α
C
]
, (26)
and
F2(Q2, t) = Nc
g2
8pi2
∫ 1
0
dx
∫ x
0
dy
[
3(1−2x+ y)
(
γ+
1
2
+LogC
)
+
2β −α
C
]
, (27)
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FIG. 4: Proof of the WTI given by Eq. (8) for the off-shell pi+ for
−1≤ Q2 ≤ 1 GeV2 with the fixed t =−m2pi value.
where
α = (1+ y)(E2−m2q)−q ·E +2yp ·E− yq · p,
β = (1− x+ y)(E2−m2q)+(1−2x+2y)p ·E +(x− y)q · p.
(28)
The normalization condition, F1(0,m2pi) = 1, is implemented
through Eq. (26) by fixing the normalization constant.
B. Model description: Numerical results
The exactly solvable model with the half-off-shell form fac-
tors given by Eqs. (26) and (27) is quantitatively explored in
this subsection.
In Fig. 4, we provide the explicit proof of the WTI given
by Eq. (8) with the two off-shell form factors F1 and F2 com-
puted independently using mq = 0.16 GeV with fixed t =−m2pi
value for −1 ≤ Q2 ≤ 1 GeV2. Note here that we cover both
timelike (Q2 =−q2 < 0) and spacelike (Q2 > 0) regions. The
timelike result is obtained from the analytic continuation by
changing Q2 to −Q2 in the form factors of spacelike region
and vice-versa. The solid, dashed, and dotted line repre-
sent the results of |(m2pi − t)[F1(0, t)−F1(Q2, t)]|, Re[(m2pi −
t)[F1(0, t)−F1(Q2, t)]] and Im[(m2pi − t)[F1(0, t)−F1(Q2, t)]],
respectively. Our independent calculations of |q2F2(Q2, t)|
(circle), Re[q2F2(Q2, t)] (square) and Im[q2F2(Q2, t)] (dia-
mond) shown in Fig. 4 prove explicitly that our model cal-
culation satisfies the WTI given by Eq. (8).
The kink in Fig. 4 of the timelike region is the point where
the threshold starts at q2 = 4m2q. At this point, the imagi-
nary parts of the form factors start to develop, where in the
model the qq¯ continuum begins. Although our analytic co-
variant model is too simple to illustrate the timelike region
Q2 < 0 lacking the more realistic feature of the vector meson
resonances observed experimentally (see e.g. [26, 27]), it may
provide at least a theoretical tool to discuss the off-mass-shell
aspect of the charged pion form factors involved in the elec-
troproduction process, satisfying the master equation given by
Eq.(11) derived from the general WTI given by Eq.(2).
The overall landscape of the half-on-shell form factors,
F1(Q2, t) and F2(Q2, t), for both space- and time-like regions
are shown in Fig. 5, where the modulus, the real and imagi-
nary parts are presented. The figure shows the 3-dimensional
plots of F1(Q2, t) (upper panel) and F2(Q2, t) (lower panel) for
−2 ≤ Q2 ≤ 2 GeV2 and −m2pi ≤ t ≤ m2pi GeV2. Left, middle,
and right panels represent the results of Re[Fi], Im[Fi], and
the modulus |Fi| =
√
(Re[Fi])2+(Im[Fi])2 (i = 1,2), respec-
tively. The imaginary parts of both F1 and F2 start to appear at
q2 = 4m2q regardless of the off-shell value t. For the form fac-
tor F2(Q2, t), it clearly satisfies F2(Q2, t) = 0 at the on-shell
limit t = m2pi in accordance with the WTI given by Eq. (8).
However, F2 is no longer zero for t 6= m2pi values and shows
quite different cusp behavior from F1 in the timelike region as
t gets away from the on-shell t = m2pi value. This may suggest
that the different extrapolation methods from t < 0 to t = m2pi
are required for F1 and F2, with the proviso that the model
lacks the more realistic feature of the vector meson resonances
observed experimentally in the timelike region. Despite this
limitation, our results illustrate that it may be possible to ex-
tract the two form factors probing different aspects of the pion
structure.
The landscapes of the half-off-shell spacelike form fac-
tors are shown in more detail in Fig. 6, as it is relevant for
our forthcoming analysis of the experimental data. The fig-
ure represents the 3-dimensional plots of F1(Q2, t) (top left),
−F2(Q2, t) (top right), g(Q2, t) (bottom left) and the master
equation (bottom right) given by Eq. (11) for the momentum
transfer region 0 ≤ Q2 ≤ 3 GeV2 and m2pi ≥ t ≥ −0.4 GeV2.
While the form factor F2(Q2, t) goes to zero as t → m2pi , the
form factor g(Q2, t) is nonzero even in the on-mass-shell limit.
Furthermore, F1(0, t) shows some dependencies on t, which
is necessary to know in the case of extracting F2(Q2, t) from
the pion electroproduction data. In particular, the value of
g(Q2 = 0, t = m2pi) corresponds to the charge radius of a pion.
The covariant and analytical model is checked against the ful-
fillment of the master equations, i.e. the sum rules given by
Eqs. (11), (12), (15) and (16), and we display the fulfillment
of Eq. (11) in the figure (bottom right) as an explicit illustra-
tio. The verification of these master equations gives not only
an indirect check the fulfillment of the WTI by the model, but
also our numerical accuracy.
IV. EXTRACTION OF THE OFF-SHELL FORM FACTORS
FROM THE EXPERIMENTAL CROSS-SECTION
A. Extraction of half-off-shell pion form factors
The off-shell form factor F1(Q2, t) can be extracted from
the exclusive cross-section for 1H(e,e′,pi+)n in the kinemat-
ical region of small t, such that the t-channel process domi-
nates near the pion-pole at t = m2pi [7, 8]. To minimize back-
6FIG. 5: The 3-dimensional plots of F1(Q2, t) (upper panel) and F2(Q2, t) (lower panel) for −2 ≤ Q2 ≤ 2 GeV2 and −m2pi ≤ t ≤ m2pi GeV2.
Left, middle, and right panels represent the results of Re[Fi], Im[Fi], and |Fi| (i = 1,2), respectively.
FIG. 6: The 3-dimensional plots of F1(Q2, t) (top left), F2(Q2, t) (top
right), g(Q2, t) (bottom left) and the sum rule (bottom right) given
by Eq. (11) for the spacelike momentum transfer region 0≤ Q2 ≤ 3
GeV2 and m2pi ≥ t ≥−0.4 GeV2.
ground contributions, it is also necessary to separate out the
longitudinal cross section σL, via the Rosenbluth separation
depending on the polarization states of the virtual photon in
terms of the longitudinal differential cross section (dσL/dt),
the transverse differential cross section (dσT/dt), and the two
other differential cross sections due to interference (dσLT/dt
and dσTT/dt).
Since the minimum physical value of −t is nonzero and
increases with increasing value of Q2 and decreasing value
of the invariant mass W of the produced pion-nucleon sys-
tem, more reliable extraction of the on-shell pion form factor
Fpi(Q2) = F1(Q2, t = m2pi) should be performed at smaller −t
and higher W (for a fixed Q2) as discussed in Ref. [8]. The
extraction of Fpi from σL via the so-called Chew-Low extrap-
olation to the pion pole has been done in Refs. [7, 8]. The
basis of the Chew-Low method is the Born-term model for-
mula for the pion-pole contribution to σL, where the pion-pole
contribution to σL is given by
N
dσL
dt
= 4h¯c(eGpiNN)2
−tQ2
(t−m2pi)2
F2pi (Q
2) . (29)
Here, e2/(4pi h¯c) = 1/137 and the factor N which depends on
the flux factor used in the definition of dσL/dt is given by
N = 32pi
(
W 2−m2p
)√
(W 2−m2p)2+Q4+2Q2(W 2+m2p).
(30)
For the form factor GpiNN(t), we follow the usual monopole
type of parametrization
GpiNN(t) = GpiNN(m2pi)
(
Λ2pi −m2pi
Λ2pi − t
)
, (31)
where GpiNN(m2pi) = 13.4 and Λpi = 0.80 GeV have been taken
in the extraction of Fpi from the JLab experiment [8]. We use
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FIG. 7: The 3-dimensional plot of the master equation Eq. (11) built
with our experimental extraction of the off-shell pion form factors.
In computing Eq. (11), we use the values of FExp1 (Q
2, t), FCov1 (0, t)
and gExp(Q2, t) given in Table I.
the same values of GpiNN(m2pi) and Λpi in our numerical ex-
traction of the off-shell form factors F1(Q2, t) and F2(Q2, t)
(or g(Q2, t)).
The experimental data for dσL/dt given in Table VII of
Ref. [7] is used for the extraction of the off-shell form fac-
tor FExp1 (Q
2, t) using Eqs. (29)-(31), with the theory input
from our model calculation presented in the previous sec-
tion, Sec. III. Since there is no experimental data available
for F1(Q2 = 0, t), we extract F
Exp
2 (Q
2, t) (or gExp(Q2, t))
from the WTI using the values of FCov1 (Q
2 = 0, t) obtained
from the manifestly covariant model, i.e. gExp(Q2, t) =
[FCov1 (0, t)− FExp1 (Q2, t)]/Q2. For the comparison of the
covariant model with the experimental data, we use mq =
(0.14± 0.02) GeV checking the sensitivity of our covari-
ant model calculation. The experimentally extracted off-shell
form factors FExp1 (Q
2, t) and gExp(Q2, t) and the correspond-
ing results from the covariant model obtained from using
mq = (0.14± 0.02) GeV are summarized in Table I, where
(Q2,−t) values are classified into 6 different sets in terms of
average 〈Q2〉 and the invariant mass W following Ref. [7].
To check the consistency of our experimental extraction of
the form factors, we computed the master equation using the
values of FExp1 (Q
2, t), FCov1 (0, t) and g
Exp(Q2, t) given in Ta-
ble I. The attained 3-dimensional plot of the master equa-
tion Eq. (11) is shown in Fig. 7. As we have already used
Eq. (11) to obtain gExp(Q2, t), this may be regarded as an ob-
vious cross-check just for the purpose to illustrate.
In Table I, we note that the Q2 and/or −t evolution of the
extracted values of FExp1 (Q
2, t) is somewhat different from the
result of F1(Q2, t) due to our covariant analytic model calcu-
lation. This difference may not be a surprise though, not only
due to the simplicity of the covariant analytic model but also
due to the limitation of the Chew-Low extrapolation involving
the pion-nucleon form factor in crossing the disallowed kine-
matic region t > 0 of the electroproduction process. While the
improvement of the model deserves the interest with respect to
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FIG. 8: The extracted off-shell pion form factors: FExp1 (Q
2, t) (top)
and gExp(Q2, t) (bottom) given in Table I.
the QCD dynamics of the pion, it suggests the direct extraction
of the off-shell pion form factors in lieu of the extrapolation
procedure involving the disallowed kinematic region from the
differential cross section of the electroproduction data.
The extracted off-shell form factors FExp1 (Q
2, t) and
gExp(Q2, t) from the 30 data points in Table I are plotted in
Fig. 8 with respect to Q2 and t. The overall momentum de-
pendences of Q2 and t resemble the results of the covariant
analytic model as shown in Fig. 6. While the data seem to
exhibit the stronger variation with respect to Q2 and t than the
model result as also noted in Table I, the main features cap-
tured in the variation appear consistent between Figs. 6 and
8 from the model calculation and the data extraction, respec-
tively.
B. Comparison of extracted vs. model form factors
The on-shell pion form factors F1(Q2,m2pi) (black lines) and
g(Q2,m2pi) (blue lines) from the covariant model for the space-
like region Q2 > 0 are shown in Fig. 9 and compared with
the extracted values of FExp1 (Q
2, t = m2pi) (black data) and
gExp(Q2, t = m2pi) = [1− FExp1 (Q2, t = m2pi)]/Q2 (blue data).
The solid and dashed lines in the covariant model calcula-
tion represent the results obtained from using mq = 0.12 GeV
8TABLE I: Pion form factors extracted from experimental cross-section for dσL/dt given in Table VII of Ref. [7] vs. solvable model with
mq = 0.14±0.02 GeV. Q2 and t are in units of GeV2. g(Q2, t) is in units of GeV−2.
Q2 −t FExp1 (Q2, t) FCov1 (Q2, t) FCov1 (0, t) gExp(Q2, t) gCov(Q2, t)
〈Q2〉= 0.60 GeV2, W = 1.95 GeV
0.526 0.026 0.502 ± 0.013 0.487+0.032−0.039 0.891+0.019−0.030 0.740+0.060−0.082 0.768−0.024+0.018
0.576 0.038 0.440 ± 0.010 0.462+0.032−0.039 0.869+0.022−0.033 0.745+0.055−0.075 0.708−0.016+0.008
0.612 0.050 0.413 ± 0.011 0.443+0.030−0.038 0.849+0.024−0.036 0.712+0.058−0.076 0.664−0.010+0.003
0.631 0.062 0.371 ± 0.014 0.430+0.030−0.036 0.831+0.026−0.038 0.729+0.063−0.082 0.635−0.007−0.002
0.646 0.074 0.340 ± 0.022 0.419+0.030−0.036 0.814+0.027−0.039 0.734+0.076−0.095 0.611−0.004−0.005
〈Q2〉= 0.75 GeV2, W = 1.95 GeV
0.660 0.037 0.397 ± 0.019 0.435+0.030−0.036 0.870+0.023−0.032 0.717+0.063−0.078 0.660−0.012+0.005
0.707 0.051 0.360 ± 0.017 0.414+0.030−0.035 0.848+0.024−0.036 0.690+0.058−0.075 0.613−0.006−0.001
0.753 0.065 0.358 ± 0.015 0.394+0.029−0.034 0.827+0.026−0.039 0.623+0.054−0.072 0.574−0.003−0.006
0.781 0.079 0.324 ± 0.018 0.381+0.027−0.033 0.807+0.028−0.040 0.618+0.059−0.074 0.546−0.001−0.009
0.794 0.093 0.325 ± 0.022 0.371+0.028−0.032 0.789+0.029−0.041 0.584+0.065−0.079 0.526+0.003−0.011
〈Q2〉= 1.00 GeV2, W = 1.95 GeV
0.877 0.060 0.342 ± 0.014 0.366+0.027−0.031 0.834+0.026−0.038 0.561+0.046−0.059 0.533−0.001−0.006
0.945 0.080 0.327 ± 0.012 0.343+0.025−0.030 0.806+0.028−0.040 0.507+0.042−0.055 0.490+0.003−0.010
1.010 0.100 0.311 ± 0.012 0.322+0.024−0.029 0.781+0.030−0.042 0.465+0.042−0.053 0.454+0.006−0.013
1.050 0.120 0.282 ± 0.016 0.307+0.023−0.027 0.758+0.031−0.043 0.453+0.045−0.056 0.430+0.007−0.015
1.067 0.140 0.233 ± 0.028 0.297+0.023−0.026 0.737+0.032−0.043 0.472+0.057−0.066 0.412+0.009−0.015
〈Q2〉= 1.60 GeV2, W = 1.95 GeV
1.455 0.135 0.258 ± 0.010 0.237+0.018−0.021 0.742+0.032−0.043 0.332+0.029−0.037 0.347+0.010−0.015
1.532 0.165 0.245 ± 0.010 0.219+0.016−0.020 0.714+0.032−0.044 0.306+0.028−0.035 0.323+0.011−0.016
1.610 0.195 0.222 ± 0.012 0.201+0.015−0.018 0.688+0.033−0.044 0.289+0.028−0.034 0.302+0.012−0.016
1.664 0.225 0.203 ± 0.013 0.188+0.014−0.017 0.665+0.034−0.045 0.278+0.028−0.035 0.286+0.012−0.016
1.702 0.255 0.227 ± 0.016 0.177+0.014−0.015 0.644+0.034−0.044 0.245+0.029−0.035 0.274+0.012−0.017
〈Q2〉= 1.60 GeV2, W = 2.22 GeV
1.416 0.079 0.270 ± 0.010 0.259+0.019−0.022 0.807+0.028−0.040 0.379+0.027−0.035 0.387+0.006−0.012
1.513 0.112 0.258 ± 0.010 0.235+0.018−0.021 0.767+0.030−0.043 0.336+0.027−0.035 0.351+0.009−0.014
1.593 0.139 0.251 ± 0.010 0.217+0.016−0.019 0.738+0.032−0.043 0.306+0.026−0.034 0.327+0.010−0.015
1.667 0.166 0.241 ± 0.012 0.201+0.015−0.018 0.713+0.033−0.044 0.283+0.027−0.033 0.307+0.011−0.016
1.763 0.215 0.200 ± 0.018 0.179+0.013−0.017 0.672+0.034−0.044 0.268+0.029−0.035 0.280+0.011−0.017
〈Q2〉= 2.45 GeV2, W = 2.22 GeV
2.215 0.145 0.188 ± 0.008 0.146+0.010−0.012 0.732+0.033−0.043 0.246+0.018−0.023 0.265+0.010−0.014
2.279 0.202 0.178 ± 0.008 0.129+0.009−0.011 0.682+0.034−0.044 0.221+0.019−0.023 0.243+0.011−0.015
2.411 0.245 0.163 ± 0.009 0.109+0.008−0.009 0.650+0.037−0.044 0.202+0.019−0.022 0.224+0.011−0.014
2.539 0.288 0.156 ± 0.011 0.092+0.006−0.007 0.622+0.034−0.043 0.184+0.017−0.022 0.209+0.011−0.014
2.703 0.365 0.150 ± 0.016 0.068+0.004−0.005 0.579+0.033−0.043 0.159+0.018−0.022 0.189+0.011−0.014
and 0.16 GeV, respectively. Unlike the form factor F2(Q2, t),
the form factor g(Q2, t) does not vanish in the on-shell limit.
We note that the current PDG [28] average rExppi =
√〈r2pi〉 =
(0.672±0.008) fm for the rms value of the pion charge radius
corresponds to gExp(Q2 = 0,m2pi) = (1.953± 0.023) GeV−2.
Although the more realistic model than the present one may
be required to predict g(Q2,m2pi) more accurately, we note that
the form factor g(Q2,m2pi) should be regarded as the physical
observable in the on-mass-shell limit on par with the charge
form factor F1(Q2,m2pi). In this respect, it is interesting to ob-
serve that gExp(Q2, t = m2pi) = [1−FExp1 (Q2, t = m2pi)]/Q2 ex-
hibits a rather large fluctuation near Q2 = 0, which may reflect
a correspondingly large uncertainty in determining the pion
charge radius.
The extracted off-shell pion form factors F1(Q2, t) and
g(Q2, t) given in Table I and those obtained from the covari-
ant model are compared in Fig. 10. The top panel shows the
Q2-dependence of F1(Q2, t) (left) and g(Q2, t) (right) collect-
ing all the data in Table I regardless of t values, while bottom
panel shows the t-dependences of F1(Q2, t) (left) and g(Q2, t)
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FIG. 9: (Color online) The on-shell pion form factors F1(Q2,m2pi )
(black lines) and g(Q2,m2pi ) (blue lines) for the spacelike momentum
transfer region 0 ≤ Q2 ≤ 2 GeV2 compared with the experimental
data for FExp1 (Q
2, t = m2pi ) (black data) and g
Exp(Q2, t = m2pi ) = [1−
FExp1 (Q
2, t = m2pi )]/Q
2 (blue data).
(right) collecting all the data in Table I regardless of Q2 val-
ues. The black and blue data represent, respectively, the ex-
tracted data from the JLab experiment [7] and the results of the
covariant model obtained from Eqs. (26) and (27) using the
quark mass mu(d) = 0.14±0.02 GeV. A rather significant dif-
ference in the slope of Q2 evolution between FExp1 (Q
2, t) and
FCov1 (Q
2, t) in the top left panel of Fig. 10 may be understood
from the QCD effect on FExp1 (Q
2, t) from the gluon exchange
between quark and antiquark that gets important as Q2 gets
larger, while the solvable model result FCov1 (Q
2, t) does not ac-
commodate this perturbative QCD feature. It’s interesting to
see, however, that the newly introduced form factor g(Q2, t)
defined by Eq.(10) appears independent of this feature. The
model independent experimental extraction of F1(0, t) appears
indispensable to make the more accurate assessment on the
g(Q2, t) behavior without involving any model dependence.
V. SUMMARY
This work was devoted to study the pion electromagnetic
half-off-shell form factors F1(Q2, t) and F2(Q2, t), which ap-
pear in the matrix element of the charged pion current with
one leg off-mass-shell while the other leg is on-mass-shell.
When both legs are on-mass-shell, i.e. t = m2pi , the normal-
ization of F1 is fixed by F1(Q2 = 0, t = m2pi) = 1 and F2 is
absent or F2(Q2, t = m2pi) = 0 for any values of Q
2. However,
it is highly nontrivial to extract the charged pion form factor
F1(Q2, t = m2pi) with both legs on-mass-shell as the pion life-
time is too short to survive as the on-mass-shell target and
the extrapolation from the pion electroproduction data is also
hampered by the limited kinematic region t < 0 of the electro-
production process. Although F1(Q2, t) may be directly mea-
surable from the longitudinal part of the pion electroproduc-
tion differential cross section, the electroproduction process
is blind to F2(Q2, t) due to the transversality of the electron
current. Thus, one may resort to the general WTI to relate
F1(Q2, t) and F2(Q2, t) as given by Eq.(8) to extract F2(Q2, t)
from F1(Q2, t).
From Eq.(8), one should note that the ratio of F2(Q2, t) to
t−m2pi is nonzero in the limit of t → m2pi while F2(Q2, t) goes
to zero as t → m2pi . This led us to define the new form factor
g(Q2, t) given by Eq.(10), which should be measurable even
in the on-mass-shell limit on par with the usual charge form
factor F1(Q2,m2pi). In particular, we obtain the sum rule or
what we call master equation given by Eq.(11) which relates
g(Q2, t) to F1(Q2, t) and note that the value of g(Q2 = 0, t =
m2pi) corresponds to the charge radius of a pion. We think that
the form factor g(Q2,m2pi) should be regarded as the physical
observable in the on-mass-shell limit on par with the charge
form factor F1(Q2,m2pi).
According to Eq.(11), however, one needs the information
of F1(0, t) to determine g(Q2, t) while no data of F1(Q2, t) ex-
ist at Q2 = 0 for t < 0. Thus, an exactly solvable manifestly
covariant model of pion form factor described in terms of con-
stituent quarks is introduced to provide at least a clear exam-
ple of demonstration for the simultaneous extraction of both
off-shell form factors F1(Q2, t) and g(Q2, t) (or F2(Q2, t)). To
keep the number of parameters at minimum, the model has
only the pion and constituent quark masses as inputs, the latter
of which provides the scale of the model. The mass parameter
was chosen to fit the space-like pion charge form factor data
below 2 GeV2 within about 15% variation to check its sensi-
tivity. We then exhibited both off-shell form factors not only
for the spacelike region (Q2 > 0) but also for the timelike re-
gion (Q2 < 0) providing the 3D imaging of the off-shell form
factors in terms of (Q2, t) values as shown in Figs. 5 and 6.
Accordingly, we provided an explicit example demonstrating
how one may check the validity of the extrapolation of the
off-shell results (t 6= m2pi ) to the on-shell limit (t = m2pi ).
Our extracted values of the pion form factors obtained from
the experimental cross-section for dσL/dt given in Table VII
of Ref. [7] and the results obtained from the solvable model
with mq = 0.14± 0.02 GeV are summarized in Table I. The
extracted off-shell form factors FExp1 (Q
2, t) and gExp(Q2, t)
from the 30 data points in Table I are plotted in Fig. 8 with
respect to Q2 and t. The main features captured in the varia-
tion appear consistent between Figs. 6 and 8 from the model
calculation and the data extraction, respectively.
However, the comparison of the extracted values of the
form factors with covariant model results indicates that the
evolution in Q2 and/or t are not in full agreement between
the extracted vs. model form factors. On the one hand, this
is not unexpected as the internal QCD dynamics of the pion
probed by the electroproduction data should not be restricted
only to its valence content, while the present model for the
pion coupling to the quark and antiquark is just of a point-like
form. A rather significant difference in the slope of Q2 evolu-
tion between FExp1 (Q
2, t) and FCov1 (Q
2, t) in the top left panel
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FIG. 10: (Color online) The comparison of the off-shell pion form factors F1(Q2, t) and g(Q2, t) given in Table I and those obtained from the
covariant model. The top and bottom panels show Q2- and t-dependences of F1(Q2, t) (left) and g(Q2, t) (right), respectively.
of Fig. 10 may be an indication of lacking the QCD effect
from the gluon exchange between quark and antiquark that
gets important as Q2 gets larger. The QCD non-perturbative
dynamics for the self-energies of quarks and gluons, the ver-
tices of pion-quark, photon-quark, etc. deserves further study
exploring the 3D imaging of the off-shell form factors. On the
other hand, the analysis of the electroproduction data by the
Chew-Low method demands the pion-nucleon form factor as
input, which indeed is a simplification and works only close
to the pion pole. Such limitation may be also reflected in our
extraction of the form factors from the data, which in part cor-
roborates the difference between the extracted vs. model form
factors.
Nevertheless, the overall representation of the trends of the
extracted form factors in the (Q2, t) plane by the present con-
stituent model indicates that our analysis goes beyond its ob-
vious limitations. It encourages more in-depth theoretical and
experimental efforts to reveal the 3D imaging of the off-shell
pion form factors.
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